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CONSTRUCTIBLE IDEALS
Anda Olteanu1
Introduction
Properties of simplicial complexes such as Cohen-Macaulayness or shellability
can be obtained by studying the Stanley-Reisner ideal of the Alexander dual. More
precisely, by Eagon-Reiner theorem [2] a simplicial complex, ∆, is Cohen-Macaulay
if and only if the Stanley-Reisner ideal of the Alexander dual, I∆∨ , has a linear
resolution. Also, a pure simplicial complex is shellable if and only if the Stanley-
Reisner ideal of the Alexander dual has linear quotients [4].
For pure simplicial complexes, the following implications are known:
shellable⇒ constructible⇒ Cohen-Macaulay.
A natural question arises: Determine the Stanley-Reisner ideal of the Alexander
dual of a constructible simplicial complex. Our paper aims to answer this question.
The paper is structured as follows. In Section 1 we recall the notion of simplicial
complex and some results related to this concept.
In Section 2 we introduce the concept of constructible ideal and we relate this
concept with the notion of constructible simplicial complex.
Next, in Section 3 we prove that every constructible ideal has a linear resolution
and we find a formula for the Betti numbers of a constructible ideal.
In Section 4 we show that the polarization of a constructible ideal is a square-free
constructible ideal.
In Section 5 we find some properties of monomial ideals with linear quotients and
we prove that every monomial ideal with linear quotients is a constructible ideal.
Finally, in Section 6, we discuss some examples.
The author would like to thank Professor Ju¨rgen Herzog for valuable suggestions
and comments during the preparation of this paper.
1. Basic facts
First, we recall the notion of simplicial complex and some concepts related to it.
We denote by S = k[x1, . . . , xn] the polynomial ring in n variables over a field k.
Definition 1.1. Let n > 0 be an integer and [n] = {1, . . . , n}. A simplicial complex,
∆, on [n] is a colection of subsets of [n] that satisfy the following conditions:
(a) {i} ∈ ∆, for all i ∈ [n];
1Work supported by the CEEX Programme of the Romanian Ministry of Education and Re-
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(b) If F ∈ ∆ and G is a subset of F , then G ∈ ∆.
[n] is called the vertex set of ∆ and the elements of the simplicial complex are
called faces . The dimension of a face, F , is denoted dim(F ) and dim(F ) = |F | − 1.
Denote by d = max{|F | : F ∈ ∆}. Then the dimension of the simplicial complex
∆ is d− 1. A facet of ∆ is a maximal face (with respect to the inclusion). If all the
facets have the same dimension, we say that the simplicial complex is pure.
Denote by F(∆) the set of all the facets of ∆.
Let ∆ be a simplicial complex on the vertex set [n]. Define the ideal
I∆ = (xF : F /∈ ∆) ⊂ S,
where xF = xi1 . . . xis for F = {i1, . . . , is}. I∆ is called the Stanley-Reisner ideal of
∆. Also, it can be considered the Stanley-Reisner ring
k[∆] =
k[x1, . . . , xn]
I∆
.
The facet ideal of ∆, I(∆), is the square-free monomial ideal generated by all the
monomials xF =
∏
i∈F
xi, where F is a facet of ∆. So, if ∆ = 〈F1, . . . , Fr〉,
I(∆) = (xF1 , . . . , xFr).
Definition 1.2. Let ∆ be a simplicial complex on the vertex set [n]. The simplicial
complex
∆∨ = {[n] \ F : F /∈ ∆}
is called the Alexander dual of ∆.
For the simplicial complex ∆ with the vertex set [n], let ∆c be the simplicial
complex whose facets are [n] \ F , where F is a facet in ∆.
If ∆ is a simplicial complex, there exists the following relation between ∆∨ and
∆c:
Proposition 1.3. [4] Let ∆ be a simplicial complex. Then
I∆∨ = I(∆
c).
We recall the definition of a shellable simplicial complex.
Definition 1.4. A pure simplicial complex, ∆, is called shellable if its facets can
be ordered F1, . . . , Fm such that, for all 2 ≤ i ≤ m, the simplicial complex
〈F1, . . . , Fi−1〉 ∩ 〈Fi〉
is generated by maximal proper subsets of Fi.
To describe the connection between a shellable simplicial complex and its Alexan-
der dual we need to recall the definition of a monomial ideal with linear quotients.
Definition 1.5. [5] A monomial ideal I of S with the minimal system of generators
G(I) = {u1, . . . , ur} is called ideal with linear quotients with respect to the sequence
of monomials u1, . . . , ur if, for all 2 ≤ i ≤ r and for all j < i, there exist l and k,
l ∈ {1, . . . , n} and k < i, such that uk/[uk, ui] = xl and xl divides uj/[uj, ui] where
we denote [uj, ui] := gcd(uj, ui).
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The connection between a shellable simplicial complex and its Alexander dual is
given by the following result:
Theorem 1.6. [4] Let k be a field and ∆ be a pure simplicial complex. Then ∆ is
shellable if and only if I∆∨ has linear quotients.
We say that a simplicial complex ∆ is Cohen-Macaulay if the Stanley-Reisner
ring, k[∆], is Cohen-Macaulay.
It is known that a shellable simplicial complex is Cohen-Macaulay over every field,
[6].
The connection between a Cohen-Macaulay simplicial complex and its Alexander
dual is given by the following result:
Theorem 1.7. (Eagon-Reiner)[2] Let k be a field and ∆ be a simplicial complex.
Then k[∆] is Cohen-Macaulay if and only if I∆∨ has a linear resolution.
Definition 1.8. [9] A pure simplicial complex ∆ is constructible if it can be obtained
by the following recursive procedure:
(i) Any simplex is constructible.
(ii) If ∆1 and ∆2 are constructible simplicial complexes of the same dimension,
d, and if ∆1 ∩ ∆2 is a constructible simplicial complex of dimension d − 1,
then ∆1 ∪∆2 is a constructible simplicial complex.
It is known that all shellable simplicial complexes are constructible, [9]. Indeed, if
∆ is a shellable simplicial complex with the shelling order of the facets F1, . . . , Fm,
then we can consider ∆1 = 〈F1, . . . , Fm−1〉 and ∆2 = 〈Fm〉.
Theorem 1.9. [1] A constructible simplicial complex is Cohen-Macaulay over every
field.
So, for pure simplicial complexes, we have the following implications:
shellable⇒ constructible⇒ Cohen-Macaulay.
If we consider the connection with the Stanley-Reisner ideal of the Alexander dual
for a pure simplicial complex, ∆, we have the following diagram:
∆ is shellable =⇒ ∆ is constructible =⇒ ∆ is Cohen-Macaulay
m m
I∆∨ is an ideal with I∆∨ is an ideal with a
linear quotients linear resolution
The following question arises: how to characterize the Stanley-Reisner ideal of the
Alexander dual associated to a constructible simplicial complex. For this, we intro-
duce the concept of constructible ideal.
2. Constructible ideals
Let S = k[x1, . . . , xn] be a polynomial ring in n variables over a field k.
Definition 2.1. A monomial ideal I of S generated in degree q is a constructible
ideal if it can be obtained by the following recursive procedure:
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(i) If u is a monomial in S and I = (u), then I is a constructible ideal;
(ii) If I1, I2 are constructible ideals generated in degree q and I1 ∩ I2 is a con-
structible ideal generated in degree q + 1, then I1 + I2 is a constructible
ideal.
We note that the recursion procedure will stop because if the ideal I has the
minimal system of generators G(I) = {u1, . . . , ur} and, if we consider I = I1+ I2, in
I1 ∩ I2 the generators can contain each variable to a power which is less or equal to
the maximal power to which that variable appears in all the generators of I. Let ai
be the maximum of the exponents of the variable xi in the generators of I and let
a = (a1, . . . , an). The recursion procedure will stop after at most |a| := a1+ . . .+an
steps.
The above remarks show that we could consider also the following definition of
the constructible ideals.
Let a = (a1, . . . , an) ∈ Zn>0. We denote
Ma = {x
b1
1 . . . x
bn
n : 0 ≤ bi ≤ ai for all 1 ≤ i ≤ n}
and
Ja = {I : I monomial ideal of S with G(I) ⊆Ma}.
By G(I) we mean the minimal system of generators of the monomial ideal I. We
set |a| = a1 + . . .+ an.
We note that, if I, J ∈ Ja, then I ∩ J ∈ Ja.
Definition 2.2. Let I ∈ Ja be a monomial ideal generated in degree q. I is an
a−constructible ideal if it can be obtained by the following recursive procedure:
(i) If u ∈Ma and I = (u), then I is an a−constructible ideal;
(ii) If I1, I2 ∈ Ja are a−constructible ideals generated in degree q < |a| and
I1 ∩ I2 ∈ Ja is an a−constructible ideal generated in degree q + 1, then
I1 + I2 is an a−constructible ideal.
Note that an 1−constructible ideal is a square-free monomial ideal, where 1 =
(1, . . . , 1) ∈ Zn>0.
It is also important to notice that the only principal ideal in Ja generated in degree
|a| is I = (xa11 · . . . · x
an
n ). This observation justifies that the recursion procedure of
the above definition eventually terminates.
It is obvious that a monomial ideal I is a constructible ideal(in the sense of
Definition 2.1) if and only if I is an a−constructible ideal, for some a ∈ Zn>0.
Although Definition 2.2 looks more technical, it will turn out that it is very useful
in the proofs.
Theorem 2.3. Let ∆ be a pure simplicial complex on the vertex set [n] = {1, . . . , n}.
The following are equivalent:
(a) ∆ is constructible.
(b) I∆∨ is a square-free constructible ideal .
Proof. Actually, we show that ∆ is a constructible simplicial complex if and only if
I∆∨ is an 1−constructible ideal.
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”(a)⇒ (b)” We use induction on the dimension of ∆.
If dim(∆) = 1 the statement is obvious. In this case, ∆ is a Cohen-Macaulay
simplicial complex; thus is connected.
Let ∆ be a d−dimensional constructible simplicial complex. We prove by induc-
tion on the number of facets of ∆ that I∆∨ is an 1−constructible ideal.
If ∆ is a simplex, ∆ = 〈F 〉, we have that I∆∨ = (xF c) and it is an 1−constructible
ideal, by definition.
Let ∆ be a d−dimensional constructible simplicial complex with the facet set
F(∆) = {F1, . . . , Fr}, r ≥ 2. Since ∆ is constructible, there exist two d−dimensional
constructible subcomplexes ∆1 and ∆2 such that ∆ = ∆1 ∪ ∆2 and ∆1 ∩ ∆2
is a (d − 1)−dimensional constructible simplicial complex. Since ∆1 and ∆2 are
d−dimensional constructible simplicial complexes with at most r−1 facets, I∆∨
1
and
I∆∨
2
are 1−constructible ideals generated in degree n− d− 1.
Since I∆∨
1
∩I∆∨
2
= I(∆1∩∆2)∨ and ∆1∩∆2 is a (d−1)−dimensional constructible sim-
plicial complex, by the induction hypothesis we have that I∆∨
1
∩I∆∨
2
is an 1−construc-
tible ideal generated in degree n−d and hence I∆∨ = I∆∨
1
+I∆∨
2
is an 1−constructible
ideal.
”(b) ⇒ (a)” We use descending induction on the degree of the monomials from
the minimal system of generators of the monomial ideal I.
If I = (x1 . . . xn), then I = I〈{∅}〉 and 〈{∅}〉
∨ is the n−simplex, hence is a con-
structible simplicial complex.
Let I be an 1−constructible ideal generated in degree q < n. We use induction
on the number of monomials from the minimal system of generators of the ideal I.
If u ∈ M1 and I = (u), then let ∆ be such that I∆ = (u) and let F = supp(u).
Then ∆∨ is the simplex generated by F c and it is a constructible simplicial complex.
Let I be an 1−constructible ideal with |G(I)| = r, r ≥ 2, generated in degree q
and let Γ be the simplicial complex such that I = IΓ. We have I = I1 + I2, with
I1, I2 1−constructible ideals generated in degree q and I1 ∩ I2 is an 1−constructible
ideal generated in degree q + 1. Let Γ1, Γ2 be simplicial complexes on the vertex
set [n] such that IΓ1 = I1 and IΓ2 = I2.
Since IΓ = IΓ1 + IΓ2 we have that Γ = Γ1 ∩ Γ2 and Γ
∨ = Γ∨1 ∪ Γ
∨
2 . We have to
prove that Γ∨ is a constructible simplicial complex.
By induction hypothesis, Γ∨1 , Γ
∨
2 are constructible simplicial complex of dimension
n− q − 1.
Since I1 ∩ I2 = IΓ1 ∩ IΓ2 = I(Γ∨1 ∩Γ∨2 )∨ , by the induction hypothesis we have that
Γ∨1∩Γ
∨
2 is a constructible simplicial complex of dimension n−q−2. So Γ
∨ = Γ∨1∪Γ
∨
2 is
a (n−q−1)−dimensional constructible simplicial complex, which ends our proof. 
Now we can complete the diagram for pure simplicial complexes and the connec-
tions with the Stanley-Reisner ideal of the Alexander dual:
∆ is shellable =⇒ ∆ is constructible =⇒ ∆ is Cohen-Macaulay
m m m
I∆∨ is an ideal with =⇒ I∆∨ is a constructible =⇒ I∆∨ is an ideal with a
linear quotients ideal linear resolution
.
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3. Properties of constructible ideals
In this section we prove that every constructible ideal has a linear resolution and
we compute the Betti numbers of a constructible ideal.
For this, we shall need the following two lemmas.
Lemma 3.1. [8] Let R be a standard graded k-algebra and
0→ M ′ →M → M ′′ → 0
be an exact sequence of Z-graded R-modules. If M ′ and M ′′ have q−linear resolu-
tions, then M has a q−linear resolution.
Lemma 3.2. Let R be a standard graded k-algebra and
0→ M ′ →M → M ′′ → 0
be an exact sequence of Z-graded R-modules. If M ′ has a (q + 1)−linear resolution
and M has a q−linear resolution, then M ′′ has a q−linear resolution.
Proof. The exact sequence
0→ M ′ →M → M ′′ → 0
yields the exact sequence
. . .→ TorRi (M
′, k)i+j → Tor
R
i (M, k)i+j → Tor
R
i (M
′′, k)i+j →
→ TorRi−1(M
′, k)i+j → Tor
R
i−1(M, k)i+j → . . .
Since M has a q−linear resolution, TorRi (M, k)i+j = 0 for all j 6= q. For the same
reason, TorRi (M
′, k)i+j = 0 for all j 6= q + 1.
We get that TorRi (M
′′, k)i+j = 0 for all j 6= q, thus M ′′ has a q−linear resolution.

Theorem 3.3. Let S = k[x1, . . . , xn] be a polynomial ring over a field k and I be a
constructible ideal of S generated in degree q. Then I has a q−linear resolution.
Proof. Let a ∈ Zn>0 such that I is a−constructible. We use descending induction
on the degree of monomials from the minimal system of generators of the monomial
ideal I.
If I = (xa11 . . . x
an
n ), I has an |a|−linear resolution.
Let q < |a| and I ∈ Ja be an a−constructible ideal generated in degree q. Now we
use induction on the number of monomials from the minimal system of generators.
If u ∈ Ma, deg(u) = q and I = (u), then I has a q−linear resolution.
Let I be an a−constructible ideal generated in degree q with G(I) = {u1, . . . , ur},
r ≥ 2. There exist a−constructible ideals I1 and I2, generated in degree q, such
that I = I1 + I2 and I1 ∩ I2 is an a−constructible ideal generated in degree q + 1.
By induction hypothesis, I1 and I2 have q−linear resolutions and I1 ∩ I2 has a
(q + 1)−linear resolution. From the exact sequence
0→ I1 → I1 ⊕ I2 → I2 → 0
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we have, by Lemma 3.1, that I1 ⊕ I2 has a q−linear resolution and from the exact
sequence:
0→ I1 ∩ I2 → I1 ⊕ I2 → I1 + I2 → 0,
I1+ I2 has a q−linear resolution, by Lemma 3.2. So I has a q−linear resolution. 
Corollary 3.4. Let I be a constructible ideal generated in degree q and let I1 and I2
be constructible ideals generated in degree q such that I1 ∩ I2 is a constructible ideal
generated in degree q + 1 and I = I1 + I2. Then
βi(I) = βi(I1) + βi(I2) + βi−1(I1 ∩ I2).
Proof. The exact sequence
0→ I1 ∩ I2 → I1 ⊕ I2 → I1 + I2 → 0
yields the exact sequence
0→ Tori(I1 ⊕ I2, k)i+q → Tori(I1 + I2, k)i+q → Tori−1(I1 ∩ I2, k)i+q → 0.
From this sequence we get:
βi(I) = βi(I1 ⊕ I2) + βi−1(I1 ∩ I2).
and, next,
βi(I) = βi(I1) + βi(I2) + βi−1(I1 ∩ I2).

4. Polarization of constructible ideals
We prove that the polarization of a constructible ideal is a square-free con-
structible ideal.
In the polarization process, homological properties of a monomial ideal are pre-
served. Since the polarization of a monomial ideal is a square-free monomial ideal,
we can apply specific techniques suited for these classes of ideals.
First we recall the notion of polarization of a monomial ideal and some concepts
related to it, following [7].
Let S = k[x1, . . . , xn] be a polynomial ring in n variables over a field k and
u = xα11 . . . x
αn
n be a monomial of S. The polarization of u is the monomial
up =
n∏
i=1
αi∏
j=1
xij
where up ∈ k[x11, . . . , x1α1 , . . . , xn1, . . . , xnαn].
Let I be a monomial ideal of S and u1, . . . , um be a system of monomial generators
for I. Then, the ideal generated by monomials up1, . . . , u
p
m is called a polarization of
I. Since the polarization seems to depend on the system of generators, we consider
another system of monomial generators, v1, . . . , vk, for the monomial ideal I. Let
S ′ be a polynomial ring with suficiently many variables such that for all 1 ≤ i ≤ m
and all 1 ≤ j ≤ k, upi and v
p
j are monomials in S
′. Then (up1, . . . , u
p
m) = (v
p
1 , . . . , v
p
k)
in S ′. So we note that, in a common polynomial ring extension, all polarizations of
a monomial ideal are the same. It follows that we can denote any polarization of a
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monomial ideal I by Ip. If I and J are two monomial ideals of S, we write Ip = Jp
if a polarization of I and a polarization of J coincide in a common polynomial ring
extension.
Proposition 4.1. Let I be a constructible ideal of S. Then Ip is a square-free
constructible ideal.
Proof. Let a ∈ Zn>0 such that I is a−constructible. We use descending induction
on the degree of monomials from the minimal system of generators of the monomial
ideal I.
If I = (xa11 . . . x
an
n ), then I
p is a principal square-free monomial ideal, hence is an
1−constructible ideal.
Let I ∈ Ja be an a−constructible ideal generated in degree q < |a|. We use
induction on the number of monomials from the minimal system of generators of
the ideal I.
If u ∈ Ma, deg(u) = q and I = (u), the statement is obvious.
Let I ∈ Ja be an a−constructible ideal generated in degree q with |G(I)| = r,
r ≥ 2. There exist I1, I2 ∈ Ja a−constructible ideals generated in degree q such
that I = I1 + I2 and I1 ∩ I2 is an a−constructible ideal generated in degree q + 1.
By induction hypothesis Ip1 , I
p
2 and I
p
1 ∩ I
p
2 = (I1 ∩ I2)
p are 1−constructible ideals.
Hence, Ip is an 1−constructible ideal. 
5. Ideals with linear quotients
In this section we describe the relation between monomial ideals with linear quo-
tients and constructible ideals.
Proposition 5.1. Let I be a monomial ideal of S with linear quotients. Then I is
a constructible ideal.
Proof. We prove by induction on the number of monomials in the minimal system
of generators.
If u is a monomial in S and I = (u), then I is a constructible ideal, by definition.
Let I be a monomial ideal, G(I) = {u1, . . . , ur}, r ≥ 2, be its minimal system
of generators and assume that I has linear quotients with respect to the sequence
u1, . . . , ur. Denote I1 = (u1, . . . , ur−1) and I2 = (ur). I1, I2 are constructible ideals,
by induction hypothesis.
I1 ∩ I2 = (uiur/[ui, ur] : 1 ≤ i ≤ r − 1) = (xl1ur, . . . , xltur),
for some li ∈ {1, . . . , n}, 1 ≤ i ≤ t, t ≤ r − 1. The last equality holds since the
ideal I has linear quotients. So I1∩I2 is a monomial ideal with linear quotients with
at most r − 1 monomials in the minimal system of generators. By the induction
hypothesis, we have that I1∩ I2 is a constructible ideal and then I is a constructible
ideal. 
In [5], the Betti numbers of an ideal with linear quotients are computed. Namely,
for an ideal I with linear quotients, with respect to the sequence f1, . . . , fs, we denote
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by Ik = (f1, . . . , fk) and Lk = (f1, . . . , fk−1) : (fk). If rk is the number of generators
of the ideal Lk, then
βi(I) =
m∑
k=2
(
rk
i
)
.
We may obtain this formula in the next proposition.
Proposition 5.2. Let I be a monomial ideal of S, G(I) = {u1, . . . , um} be its
minimal system of generators and assume that I has linear quotients with respect
to the sequence u1, . . . , um. Denote Ik = (u1, . . . , uk) and let rk be the number of
generators of the monomial ideal Ik−1 : (uk). Then
βi(I) =
m∑
k=2
(
rk
i
)
,
for all i ≥ 1.
Proof. Since Ik is a monomial ideal with linear quotients with respect to the sequence
u1, . . . , uk, by Proposition 5.1, Ik is a constructible ideal.
By Corollary 3.4,
βi(Ik) = βi(Ik−1) + βi((uk)) + βi−1(Ik−1 ∩ (uk)) (∗)
for all k ≥ 2, i ≥ 1.
The multiplication by uk defines an isomorphism between Ik−1 : (uk) and Ik−1 ∩
(uk). Therefore
|G(Ik−1 ∩ (uk))| = |G(Ik−1 : (uk))| = rk.
Since Ik has linear quotients, the ideal Ik−1 : (uk) is generated by a regular sequence
of length rk, and then
βi−1(Ik−1 : (uk)) =
(
rk
i
)
.
Summing in (∗) for k = 2, 3, . . . , m, we get
βi(I) =
m∑
k=2
βi−1(Ik−1 ∩ (uk)) =
m∑
k=2
(
rk
i
)
.

Proposition 5.3. Let I = (u1, . . . , ur) be a monomial ideal of S. Then I has linear
quotients with respect to the sequence u1, . . . , ur if and only if I
p has linear quotients
with respect to the sequence up1, . . . , u
p
r.
Proof. Let 2 ≤ k ≤ r. By [ [7], Lemma 3.3] (u1, . . . , uk−1) : uk is a prime ideal if
and only if (up1, . . . , u
p
k−1) : u
p
k is a prime ideal. Since any monomial prime ideal is
generated by a sequence of variables, the statement follows. 
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6. Examples
Now we discuss some examples.
Example 6.1. The following example of constructible and non-shellable simplicial
complex is due to Masahiro Hachimori [3].
0
3
2
3
0
2
3 1
0
1
2
1
9
8
4
5
7 6
The simplicial complex is constructible because we can split it by the bold line
and we obtain two shellable simplicial complexes ∆1, ∆2 of dimension 2 whose
intersection is a shellable 1−dimensional simplicial complex.
The shelling order for the facets of the simplicial complex ∆1 is:
{0, 3, 9}, {2, 3, 9}, {2, 8, 9}, {2, 3, 8}, {0, 3, 8}, {0, 7, 8}, {0, 3, 7}, {2, 3, 7}, {2, 6, 7},
{5, 6, 7}, {5, 7, 8}, {4, 5, 8}, {4, 8, 9}, {0, 4, 9}
For the simplicial complex ∆2, the shelling order of the facets is
{0, 1, 4}, {1, 2, 4}, {2, 4, 5}, {1, 2, 5}, {0, 1, 5}, {0, 5, 6}, {0, 1, 6}, {1, 2, 6}
∆1 ∩∆2 is the simplicial complex 〈{0, 4}, {4, 5}, {5, 6}, {2, 6}〉.
For the Alexander dual of ∆1, the Stanley-Reisner ideal is
I∆∨
1
= (x1x2x4x5x6x7x8, x0x1x4x5x6x7x8, x0x1x3x4x5x6x7,
x0x1x4x5x6x7x9, x1x2x4x5x6x7x9, x1x2x3x4x5x6x9,
x1x2x4x5x6x8x9, x0x1x4x5x6x8x9, x0x1x3x4x5x8x9,
x0x1x2x3x4x8x9, x0x1x2x3x4x6x9, x0x1x2x3x6x7x9,
x0x1x2x3x5x6x7, x1x2x3x5x6x7x8).
The Stanley-Reisner ideal for the Alexander dual of ∆2 is:
I∆∨
2
= (x2x3x5x6x7x8x9, x0x3x5x6x7x8x9, x0x1x3x6x7x8x9,
x0x3x4x6x7x8x9, x2x3x4x6x7x8x9, x1x2x3x4x7x8x9,
x2x3x4x5x7x8x9, x0x3x4x5x7x8x9).
The ideals I∆∨
1
and I∆∨
2
have linear quotients by Theorem 1.6.
I∆∨
1
∩ I∆∨
2
= I(∆1∩∆2)∨ = (x1x2x3x5x6x7x8x9, x0x1x2x3x6x7x8x9,
x0x1x2x3x4x7x8x9, x0x1x3x4x5x7x8x9).
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I∆∨
1
∩ I∆∨
2
has linear quotients by Theorem 1.6. The ideal I∆∨ = I∆∨
1
+ I∆∨
2
is a
square-free constructible ideal and I∆∨ does not have linear quotients since ∆ is not
shellable.
Example 6.2. We consider now the Dunce Hat. It is known that the Dunce Hat
is Cohen-Macaulay, but it is not constructible [3].
✡
✡
1
3
2
1 3 2 1
2
3
6
5
4
8
7
The Stanley-Reisner ideal for the Alexander dual of ∆ is:
I∆∨ = (x3x5x6x7x8, x3x4x5x6x8, x3x4x5x6x7, x2x5x6x7x8,
x2x4x6x7x8, x2x4x5x7x8, x2x3x4x7x8, x2x3x4x5x6,
x1x4x6x7x8, x1x4x5x6x8, x1x4x5x6x7, x1x3x6x7x8,
x1x2x5x6x7, x1x2x4x5x8, x1x2x3x7x8, x1x2x3x5x7,
x1x2x3x4x5)
and it is not a constructible ideal, but it has a linear resolution.
Example 6.3. Let I ∈ k[x1, . . . , x8] be the monomial ideal
I = (x1x2x5x6x7x8, x2x3x5x6x7x8, x
2
2x3x5x6x7, x
2
2x3x4x6x7, x1x
2
2x3x6x7, x2x3x4x5x7x8,
x22x3x4x7x8, x1x2x3x4x7x8, x
2
1x3x4x7x8, x
2
1x3x4x5x8, x1x3x4x6x7x8, x1x4x5x6x7x8,
x21x4x5x6x8, x
2
1x2x4x5x8, x1x
2
2x5x6x8, x1x
2
2x3x6x8, x
2
1x
2
2x3x6, x
2
1x
2
2x5x6, x
2
1x2x5x6x7,
x21x2x4x5x7, x
2
1x
2
2x4x5)
Then I = I1 + I2, where
I1 = (x1x2x5x6x7x8, x2x3x5x6x7x8, x
2
2x3x5x6x7, x
2
2x3x4x6x7, x1x
2
2x3x6x7, x2x3x4x5x7x8,
x22x3x4x7x8, x1x2x3x4x7x8, x
2
1x3x4x7x8, x
2
1x3x4x5x8, x1x3x4x6x7x8, x1x4x5x6x7x8,
x21x4x5x6x8, x
2
1x2x4x5x8)
and
I2 = (x1x
2
2x5x6x8, x1x
2
2x3x6x8, x
2
1x
2
2x3x6, x
2
1x
2
2x5x6, x
2
1x2x5x6x7, x
2
1x2x4x5x7, x
2
1x
2
2x4x5)
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with
I1 ∩ I2 = (x1x
2
2x5x6x7x8, x
2
1x2x5x6x7x8, x
2
1x2x4x5x7x8, x
2
1x
2
2x4x5x8, x1x
2
2x3x6x7x8,
x21x
2
2x3x6x7)
Since I1, I2 are monomial ideals with linear quotients generated in degree 6, and
I1 ∩ I2 is a monomial ideal generated in degree 7 with linear quotients, I is a con-
structible ideal.
Let ∆ = ∆1∪∆2 be the simplicial complex, presented by Ziegler, with 10 vertices
and 21 facets [10]:
∆1 : {1, 2, 3, 4}, {1, 2, 4, 9}, {1, 4, 8, 9}, {1, 5, 8, 9}, {1, 4, 5, 8}, {1, 2, 6, 9}, {1, 5, 6, 9},
{1, 2, 5, 6}, {2, 5, 6, 10}, {2, 6, 7, 10}, {1, 2, 5, 10}, {1, 2, 3, 10}, {2, 3, 7, 10}, {2, 3, 6, 7}
∆2 : {1, 3, 4, 7}, {1, 4, 5, 7}, {4, 5, 7, 8}, {3, 4, 7, 8}, {2, 3, 4, 8}, {2, 3, 6, 8}, {3, 6, 7, 8}.
This simplicial complex is constructible, but non-shellable [10].
The polarization of I, Ip, in the polynomial ring k[x1, x1,1, x2, x2,1, x3, . . . , x8],
with x1,1 = x9 and x2,1 = x10, is the Stanley-Reisner ideal of the Alexander dual
associated to the above simplicial complex. Then, the ideal I does not have linear
quotients, by Proposition 5.3.
It would be interesting to find a large class of constructible ideals which does not
have linear quotients.
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